We generalize the construction of quantum error-correcting codes from F4-linear codes by Calderbank et al. to p m -state systems. Then we show how to determine the error from a syndrome.
Introduction
Quantum-error correcting codes have been paid much attention. Among many research articles, most general and systematic construction is the so called stabilizer code construction [4] or additive code construction [1] , which construct a quantum error-correcting code as an eigenspace of an Abelian subgroup S of the error group. Then Calderbank et al. [2] proposed a construction of S from an additive code over the finite field F 4 with 4 elements.
These constructions work for tensor products of 2-state quantum systems. But Knill [5, 6] and Rains [8] observed that the construction [1, 4] can be generalized to n-state systems by appropriate choice of the error basis. We propose a construction of quantum error-correcting codes for p m -state systems from classical error-correcting codes which is a generalization of [2] . Throughout this note, p denotes a prime number and m a positive integer.
Stabilizer coding for p m -state systems
We review the generalization [5, 6, 8] of the construction [1, 4] . First we consider p-state systems. Let λ be a primitive p-th root of unity, C p , D λ p × p matrices defined by (C p ) ij = δ j,i+1 mod p , (D λ ) ij = λ i δ i,j . We shall construct a quantum code encoding quantum information in p k -dimensional linear space into C p n . We consider the error group consisting of λ j w 1 ⊗ · · · ⊗ w n , where j is an integer,
p , we define the alternating inner product
where , denotes the standard inner product in F n p . For a = (a 1 , . . . , a n ) ∈ F n p , we define
Then we have
For (a|b) = (a 1 , . . . , a n , b 1 , . . . , b n ) ∈ F 2n p , we define the weight of (a|b) to be
p with the basis {(a 1 |b 1 ), . . . , (a n−k |b n−k )}, C ⊥ the dual space of C with respect to the inner product (1) . Suppose that C ⊆ C ⊥ and the minimum weight (3) of C ⊥ \C is d. Then the subgroup S of E generated by {X(a 1 )Z(b 1 ), . . . , X(a n−k )Z(b n−k )} is Abelian, and an eigenspace of S is an [[n, k, d]] p quantum code.
Next we consider quantum codes for p m -state systems, where m is a positive integer. But the code construction for p m -state systems is almost the same as that for p-state systems, because the state space of a p m -state system can be regarded as the m-fold tensor products of that of a p-state system. We shall construct a quantum code encoding quantum information in
, we define the weight of (a|b) to be
with the basis {(a 1 |b 1 ), . . . , (a mn−mk |b mn−mk )}, C ⊥ the dual space of C with respect to the inner product (1) . Suppose that C ⊆ C ⊥ and the minimum weight (4) 
3 Construction of quantum codes for p-state systems from classical codes
Codes for p-state systems
In this subsection we describe how to construct quantum codes for p-state systems from additive codes over F p 2 . Let ω be a primitive element in F p 2 .
Proof. When p = 2 the assertion is obvious. We assume that p ≥ 3. Suppose that
, and a is either 1 or −1. If a = 1, then ω ∈ F p and ω is not a primitive element. If a = −1, then ω 2p = ω 2 . This is a contradiction, because ω is a primitive element and 2p
Then the weight (3) of (a|b) is equal to the Hamming weight of φ(a|b). For a = (a 1 , . . . , a n ), b ∈ F n p 2 , we define the inner product of a and b by
where , denotes the standard inner product in F n p 2 and a p = (a
Since ω is a primitive element, ω 2 = ω 2p . Thus the inner product (1) of (a|b) and (a ′ |b ′ ) is zero iff the inner product (5) of φ(a|b) and φ(a ′ |b ′ ) is zero. Thus we have Theorem 4 Let C be an additive subgroup of F n p 2 containing p n−k elements, C ′ its dual with respect to the inner product (5) . Suppose that C ′ ⊇ C and the minimum Hamming weight of
We next clarify the self-orthogonality of a linear code over F p 2 with respect to (5).
Lemma 5 Let C be a linear code over F p 2 , and C ′ the dual of C with respect to (5) . We define C p = {x p | x ∈ C} and (C p ) ⊥ the dual of C p with respect to the standard inner product. Then we have
Suppose that the minimum Hamming weight of (
Error correction for p-state systems
In this subsection we consider how to determine the error from measurements with quantum codes obtained via Theorem 6. We retain notations from Theorem 6. Suppose that g 1 , . . . , g r is an F p 2 -basis of C. Then F p -basis of φ −1 (C) is (a 1 |b 1 ) = φ −1 (g 1 ), (a 2 |b 2 ) = φ −1 (ωg 1 ), . . . , (a 2r |b 2r ) = φ −1 (ωg r ). We assume that for i = 1, . . . , 2r we can perform a measurement M i whose eigenspaces are exactly the same as those of X(a i )Z(b i ). Suppose that the error collapsed to E which corresponds to φ −1 (e) for some e ∈ F n p 2 via X(·)Z(·), and the original quantum state is |ψ . By the measurement M i , we can know which eigenvalue of X(a i )Z(b i ) E|ψ belongs to. By Eq.(2)
where ℓ is the alternating inner product (1) of (a i |b i ) and φ −1 (e), which is denoted by s i ∈ F p . Then we have In this subsection we show a construction of quantum codes for p m -state systems from classical linear codes over F p 2m . Our construction is based on the construction [3] by Chen which constructs quantum codes for 2-state systems from linear codes over F 2 2m . We modify his construction so that we can estimate the minimum weight (4) from the original code over F p 2m .
We fix a normal basis {θ, θ p , . . . , θ
Lemma 7 T is alternating and nondegenerate.
Proof. First we show that T is alternating, that is, T (a, a) = 0 for all a ∈ F 2m p . Let x = φ(a) ∈ F p 2m , and xx t . Let I 2m be the 2m × 2m unit matrix and
0 . There exists a nonsingular 2m × 2m matrix D such that
Proof. See [7, Chapter XV] and use the previous lemma. 1 , a 1,2 , . . . , a 1,n , a 2,1 , . . . , a n,m , b 1,1 , . . . , b n,m ). Then it is clear that the Hamming weight of c is equal to the weight (4) of Φ(c), since D is a nonsingular matrix.
For a, b ∈ F n p 2m we consider an inner product
Proposition 9 Let C ⊂ F n p 2m be a linear code over F p 2m , and C ′ the dual of C with respect to (6) . Then the dual of Φ(C) with respect to (1) is Φ(C ′ ).
Proof.
For e = (e 1 , . . . , e n ), e (a 1,1 , . . . , a n,m , b 1,1 , . . . , b n,m ) and Φ(e ′ ) = (a
If e i e 
